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Using the entangled three qubit states classified by Acin et al. we find the best fidelity
conditions for quantum teleportation among three parties.
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Quantum teleportation is an efficient way to transmit a quantum information
when classical communications (CC) and local operations (LO) are allowed to
parties already sharing an entangled state. The quantum teleportation between two
parties was proposed by Bennett et al. (1993). In quantum teleportation of two
parties, Alice (sender) and Bob (receiver) share a maximally entangled state. Alice
attaches the information state to shared entangled state and performs Bell basis
mesurement. And she sends her result to Bob. According to Alice’s Bell basis
measurement, Bob applies the corresponding unitary operation on his single qubit
and obtains the original information state with certainty.

Quantum teleportation of three parties using a three qubit entangled state
was introduced by Karlsson and Bourennane (1998). The main difference between
quantum teleportation of the two parties and that of three parties is the concept of
cosender. A sender first performs Bell basis measurement on his (or her) two qubits,
(one is the information qubit and the other is the qubit entangled to other parties)
and sends the measurement result to the co-sender and the receiver. The co-sender
performs single qubit measurement according to the sender’s measurement result
and sends the measurement result to the receiver. Given the protocol provided in
the secret when three parties are separated, the receiver performs local unitary
operations according to the measurement results. Then the receiver can recover
the information state with a probability.
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Recently Acin et al. showed that there are seven different entangled states
in three qubit states (Acin et al., 2001). In this paper, we consider quantum
teleportation in three parties with those entangled states. In fact Yeo considered
the quantum teleportation among three parties, using GHZ state and W state (Yeo,
2005). So we will consider the quantum teleportation among three parties, using
the other entangled states except GHZ state and W state. For each case, we will
provide the fidelity, the best fidelity condition and teleportation protocols.

This paper is organized as follows. In the Section I, we first review the three
party quantum teleportation with GHZ state and W state. In the Section II, we
consider quantum teleportation in three parties sharing different entangled states
based on Acin et al.’s classification of three qubit states. And the roles of parties,
sender, co-sender, and receiver, are determined. Also we give the best fidelity
conditions for each case. In the Section III, we summarize and discuss our results.

1. QUANTUM TELEPORTATION IN THREE PARTIES WITH
SYMMETRIC THREE-QUBIT STATES

Let us review quantum teleportation among three parties. Quantum telepor-
tation in three parties sharing a three-qubit entangled state consists of three steps:

(1) First, three parties shares a three qubit entangled state. A sender performs
Bell basis measurement on his (or her) two qubits, (one is the information
qubit and the other the qubit entangled to other parties) and sends the
measurement result j to the co-sender and the receiver. The Bell basis
measurement makes use of the following projection operators: |�+〉〈�+|
for j = 1, |�−〉〈�−| for j = 2, |�+〉〈�+| for j = 3, and |�−〉〈�−| for
j = 4, where

|�±〉 = 1√
2

(|00〉 ± |11〉) (1)

|�±〉 = 1√
2

(|01〉 ± |10〉) (2)

(2) The co-sender performs single qubit measurement, according to the
sender’s measurement result j , and sends the measurement result k to
the receiver. The single qubit measurement applies the following pojec-
tions: |µ+〉〈µ+| for k = 1 and |µ−〉〈µ−| for k = 2, where

|µ+〉 = sin ν|0〉 + eiκ cos ν|1〉 (3)

|µ−〉 = cos ν|0〉 − eiκ sin ν|1〉 (4)

(3) Given the protocol provided in the secret when three parties are sep-
arated, the receiver performs local unitary operations according to the
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Table I. The Protocol of the Quantum
Teleportation in Three Parties When the GHZ

States is Applied

j = 1 j = 2 j = 3 j = 4

k = 1 I σz σx σy

k = 2 σz I σy σx

measurement results j and k. Then the party recovers the information
state with a probability.

If |τ 〉 denotes the receiver’s reconstructed state, then the success
rate is measured by the fidelity of the original information state, |ψ〉 =
cos(θ/2)|0〉 + eiφ sin(θ/2)|1〉, and the |τ 〉, which is

〈F 〉 = 1

4π

∫ 2π

0
dφ

∫ π

0
sin θdθ

∑
j,k

|〈ψ |τ 〉|2 (5)

When the GHZ state is shared in three parties, the fidelity is shown
as 〈FGHZ〉 = 2

3 + 1
3 sin 2ν given the protocol in Table I.

When the W state is shared in three parties, the fidelity is shown as 〈FW 〉 =
7/9 given the protocol in Table II.

We here note that 〈FW 〉 > 〈FGHZ〉 in average. However, if sin2ν is greater
than 1

3 , FGHZ > FW . And the best fidelity condition for FGHZ is ν = π
4 + mπ .

Here the best fidelity condition means that if the co-sender Bob can perform his
single qubit measurement, according to the sender’s measurement result j , using
the following pojections: |µ+〉〈µ+| for k = 1 and |µ−〉〈µ−| for k = 2, where

|µ+〉 = 1√
2
|0〉 + 1√

2
|1〉 (6)

|µ−〉 = 1√
2
|0〉 − 1√

2
|1〉 (7)

then the fidelity produces the best result.

Table II. The Protocol of the Quantum
Teleportation in Three Parties When the W

States is Applied

j = 1 j = 2 j = 3 j = 4

k = 1 σx σy I σz

k = 2 σx σy I σz
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2. QUANTUM TELEPORTATION WITH ASYMMETRIC STATES

The classification of three-qubit state by Acin et al. is as follows;
Type 1 (Product states)
Type 2a (Biseparable states)

|2aI 〉 = 1√
3

(|000〉 + |100〉 + |101〉)

|2aII 〉 = 1√
3

(|000〉 + |100〉 + |110〉) (8)

Type 2b (GHZ state)

|2b〉 = 1√
2

(|000〉 + |111〉) (9)

Type 3a (Tri-Bell state)

|3a〉 = 1√
3

(|000〉 + |101〉 + |110〉) (10)

Type 3b (Extended GHZ states)

|3bI 〉 = 1√
3

(|000〉 + |110〉 + |111〉)

|3bII 〉 = 1√
3

(|000〉 + |100〉 + |111〉) (11)

|3bIII 〉 = 1√
3

(|000〉 + |101〉 + |111〉)

Type 4a

|4a〉 = 1√
4

(|000〉 + |100〉 + |101〉 + |110〉) (12)

Type 4b

|4bI 〉 = 1√
4

(|000〉 + |100〉 + |110〉 + |111〉)

|4bII 〉 = 1√
4

(|000〉 + |100〉 + |101〉 + |111〉) (13)

Type 4c

|4c〉 = 1√
4

(|000〉 + |101〉 + |110〉 + |111〉) (14)
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Type 5 (Real states)

|5〉 = 1√
5

(|000〉 + |100〉 + |101〉 + |110〉 + |111〉) (15)

Note that the tri-Bell state is equivalent to the W state. Therefore, we need to
consider only type 3–5 states.

We now show all schemes of quantum teleportation in three parties sharing
one of the these types. Note the reference of protocols. The two W protocols are
equivalent with respect to a permutation of parties.

2.1. Quantum Teleportation in Three Parties Sharing
the Extended GHZ State

An extended GHZ state is transformed to another extended GHZ state under
permutations of parties. Thus, it is sufficient to consider the case that Alice, Bob
and Cindy share the following state

|ψ〉 = 1√
3

(|0A0B0C〉 + |0A1B1C〉 + |1A1B1C〉) (16)

Suppose that they want to teleport the information state cos (θ/2)|0〉 +
eiκ sin (θ/2)|1〉. We know that Bob and Cindy are symmetric to a permutation
of them. There are four choices in determining their roles of quantum teleporta-
tion. We will use ’→’ to mean that a party sends the measurement result to another
one via CC (one-way) and ’↔’ to mean that both → and ← are possible via CC
(two-way).

1. Alice (sender) → Bob ↔ Cindy
The fidelity is 5

9 + 2
9 cos κ sin 2ν and the protocol is of GHZ. The

best fidelity condition is κ = 2nπ, ν = π
4 + mπ

2. Bob (sender) → Alice (co-sender) → Cindy (receiver)
The fidelity is 8

9 , and the protocol is of W in Table IV.
3. Bob (sender) → Cindy (co-sender) → Alice (receiver)

The fidelity is 5
9 + 2

9 cos κ sin 2ν, and the protocol is of GHZ. The
best fidelity condition is κ = 2nπ, ν = π

4 + mπ

2.2. Quantum Teleportation in Three Parties Sharing the Type4a State

Suppose that Alice, Bob and Cindy shared the following state

|ψ〉 = 1√
4

(|0A0B0C〉 + |1A0B0C〉 + |1A0B1C〉 + |1A1B0C〉) (17)

Since Bob and Cindy are symmetric parties, there are four cases as follows,
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1. Alice (sender) → Bob ↔ Cindy
The fidelity is 2

3 and the protocol is of W in Table IV.
2. Bob (sender) → Alice (co-sender) → Cindy (receiver)

The fidelity is 2
3 and the protocol is of W in Table V.

3. Bob (sender) → Cindy (co-sender) → Alice (receiver)
The fidelity is 2

3 and the protocol is of W in Table IV.

2.3. Quantum Teleportation in Three Parties Sharing the Type4b State

Suppose that Alice, Bob and Cindy shared the following state

|ψ〉 = 1√
4

(|0A0B0C〉 + |1A0B0C〉 + |1A1B0C〉 + |1A1B1C〉) (18)

Since there are no symmetric parties, there are six cases as follows,

1. Alice (sender) → Bob (co-sender) ↔ Cindy (receiver)
The fidelity is 1

2 + 1
6 cos κ sin 2ν and the protocol is of GHZ. The

best fidelity condition is κ = 2nπ, ν = π
4 + mπ

2. Alice (sender) → Cindy (co-sender) → Bob (receiver)
The fidelity is 3

4 and the protocol is of W in Table IV.
3. Bob (sender) → Alice → Cindy

The fidelity is 7
12 + 1

6 cos 2ν + 1
6 cos κ sin 2ν and the protocol is of

GHZ. The best fidelity condition is κ = 2nπ, ν = π
8 + mπ

4. Bob (sender) → Cindy (co-sender) → Alice (receiver)
The fidelity is 3

4 and the protocol is of W in Table IV.
5. Cindy (sender) → Alice (co-sender) → Bob (receiver)

The fidelity is 7
12 + 1

6 cos 2ν + 1
6 cos κ sin 2ν and the protocol is of

GHZ. The best fidelity condition is κ = 2nπ, ν = π
8 + mπ

6. Cindy (sender) → Bob (co-sender) → Alice (receiver)
The fidelity is 1

2 + 1
6 cos κ sin 2ν and the protocol is of GHZ. The

best fidelity condition is κ = 2nπ, ν = π
4 + mπ

2.4. Quantum Teleportation in Three Parties Sharing the Type4c State

Suppose that Alice, Bob and Cindy shared the following state

|ψ〉 = 1√
4

(|0A0B0C〉 + |1A0B1C〉 + |1A1B0C〉 + |1A1B1C〉) (19)

Table III. GHZ Protocol

j = 1 j = 2 j = 3 j = 4

k = 1 I σz σx σy

k = 2 σz I σy σx



Best Fidelity Conditions for Three Party Quantum Teleportation 1425

Table IV. W Protocol I

j = 1 j = 2 j = 3 j = 4

k = 1 I σz σx σy

k = 2 I σz σx σy

Since Bob and Cindy are symmetric parties, there are four cases as follows,

1. Alice (sender) → Bob ↔ Cindy
The fidelity is 3

4 and the protocol is of W in Table IV.
2. Bob (sender) → Alice (co-sender) → Cindy (receiver)

The fidelity is 1
2 + 1

6 cos κ sin 2ν and the protocol is of the second
GHZ. The best fidelity condition is κ = 2nπ, ν = π

4 + mπ

3. Bob (sender) → Cindy (co-sender) → Alice (receiver)
The fidelity is 3

4 and the protocol is of W in Table IV.

2.5. Quantum Teleportation in Three Parties Sharing the Type5 State

Suppose that Alice, Bob and Cindy shared the following state

|ψ〉 = 1√
4

(|0A0B0C〉 + |1A0B0C〉 + |1A0B1C〉 + |1A1B0C〉 + |1A1B1C〉) (20)

Since Bob and Cindy are symmetric parties, there are four cases as follows,

1. Alice (sender) → Bob ↔ Cindy
The fidelity is 2

3 and the protocol is of W in Table IV.
2. Bob (sender) → Alice (co-sender) → Cindy (receiver)

The fidelity is 8
15 + 2

15 cos 2ν + 2
15 cos κ sin 2ν and the protocol is of

GHZ. The best fidelity condition is κ = 2nπ, ν = π
8 + mπ

3. Bob (sender) → Cindy (co-sender) → Alice (receiver)
The fidelity is 2

3 and the protocol is of W in Table IV.

All scheme of quantum teleportatopn among three parties are shown in
Table VI.

We here note that there are only two protocols W and GHZ in Tables III
and IV. This is due to the different entanglement structure of W and GHZ states.
In other words, W state cannot be transformed to GHZ state with a probability.

Table V. W Protocol II

j = 1 j = 2 j = 3 j = 4

k = 1 σx σy I σz

k = 2 σx σy I σz
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This implies that protocols can classify quantum states like stochastic LOCC. That
is, we classify the five three-qubit states to two classes, W and GHZ, based on
protocols.

GHZ-type W-type

Type2b Type3, Type4, and Type5

3. CONCLUDING REMARK

In this report, we provided all schemes of quantum teleportation in three
parties. Referring Acin et al.’s classification, which is based on the Schmidt
decompostion with the set of strongly asymmetric basis, we considered all cases
of quantum teleportation in three parties. We obtained the best fidelity condition
for each case. We also assigned the the roles (sender, co-sender, and receiver) of
the parties generically.
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